This paper focuses on the analysis of average Gaussian error probabilities in certain fading channels, i.e. we are interested in E[Q(
I. INTRODUCTION
For many decades, communication theorists have analyzed the performance of single-channel and multichannel receivers in a fading environment. Among performance measures, the average bit error probability (BEP) is perhaps the one that is most revealing about the nature of the system behavior. The average BEP is defined as the average of the conditional BEP over the fading statistics. The conditional BEP of a fading channel is often equivalent to the BEP of an additive white Gaussian noise (AWGN) channel, e.g. systems employing M-AM or QAM under ideal coherent detection [1] . In such cases, the average BEP can be computed from the statistical expectation of Gaussian error probabilities with respect to the fading distribution. This paper focuses on the analysis of average Gaussian error probabilities in fading channels, i.e. we are interested in E[Q(
√ pγ] where Q(·) is the Gaussian Q-function, p is a positive real number and γ is a nonnegative random variable. We may note that the final average BEP expression is usually expressed as a weighted sum of average Gaussian error probabilities, e.g. see [2] for QAM with Gray mapping; however, for clarity these details will be overlooked here. The literature concerning average Gaussian error probability calculations is now quite voluminous.
The most complete account of this problem is found in [1] ; nevertheless, a great deal of new results have appeared after the publication of [1] . Some of these new closed-form results involve the Lauricella function F (n)
D , e.g. [3] - [5] . The approach identified in these new contributions is based on applying an appropriate change of variable to the expression obtained by the wellknown moment generating function (MGF) method developed in [1] . Therefore, these results raise the natural question of whether the involved fading distributions share a common property that leads to this particular mathematical form.
In this paper we identify the common property of certain fading distributions that leads to average Gaussian probabilities expressed by the Lauricella function F (n) D . Such property is related to the form of the associated MGF. We derive unified expressions for the average Gaussian error probability and the outage probability, which are applicable to a large class of fading distributions.
Moreover, this unified analysis provides a systematic method for obtaining new analytical results.
The remainder of this paper is organized as follows. The unified analysis is presented in Section II. In Section III we apply our analysis to derive both published and novel analytical results. Finally, some conclusions are given in Section IV.
II. UNIFIED ANALYSIS
In this section we derive the key results of this work. Some comments on notation are in order. For an arbitrary function φ(x) we denote the Laplace transform as L[φ(x); s]. As in [1] , we define the MGF of a nonnegative random variable γ as
where s ∈ C and f γ (γ) is the probability density function (PDF) of γ.
The following definition will be very useful for our purposes 1 .
Definition 1 (Monomial and Posynomial MGF):
A nonnegative random variable γ has a posynomial MGF if its MGF has the form
where the involved parameters satisfy the following conditions
For the special case K = 1, the MGF will be called monomial.
In the interest of brevity, we will say a random variable or a distribution is monomial or posynomial if its associated MGF is monomial or posynomial, respectively. In addition, the coefficients in Definition 1 will be referred as characteristic coefficients and the conditions given in (2) will be called compatibility conditions. The necessity of these conditions will be revealed along this section 2 . As shown in Table 1 , identifying γ with the instantaneous signal-to-noise ratio (SNR), we observe that many common fading distribution have monomial MGF.
To grasp the generality of the results derived in this section, we may define the average Gaussian error probability in a more fundamental form. Integral transforms theory provides a convenient framework for our purposes. In [11] a new integral transform, called Shannon transform was considered in relation to the ergodic capacity analysis. Regarding the problem treated here, we may consider the following integral transform.
Definition 2 (Gaussian Q-transform):
Given a nonnegative absolutely continuous random variable γ with PDF f γ (γ), we define
where p is a real nonnegative number.
Some straightforward properties of the Gaussian Q-transform, including an inversion formula, are collected in the following result.
Lemma 1: Let us consider a nonnegative absolutely continuous random variable γ. Then, the corresponding Gaussian Q-transform is always defined in the set R + ≡ [0, ∞), and the following properties hold:
2 dp , for any ε > 0.
Proof: See Appendix I.
Although the Gaussian Q-transform is an attractive concept, it is beyond the scope of this paper to develop these matters further.
Under the previous theoretical framework, one can think in Gaussian Q-transform pairs. The key result of this work is conceptually summarized as follows: monomial distributions and certain expressions involving the Lauricella F It is most common to find monomial distributions in practical problems, thus, we start presenting the results for the monomial case.
Theorem 1: Let γ be a monomial random variable, i.e.
where
satisfy the compatibility conditions given in (2) . Then (i) The cumulative distribution function (CDF) of γ is expressed as
where Γ is the gamma function and Φ (n)
(ii) The Gaussian Q-transform of γ is given by
D is the Lauricella function defined in [12] - [13] . Proof: See Appendix II.
Extending this last result to posynomial random variables is straightforward.
Corollary 1:
If γ is a posynomial random variable such that its MGF is given by (1) then (i) The CDF of γ is expressed as
Proof: Repeat the steps of the proof of Theorem 1.
Theorem 1 and Corollary 1 have important theoretical and practical consequences. Next result provides an integral representation for the Gaussian Q-transform of posynomial random variables that is convenient for numerical evaluation.
Corollary 2:
If γ is a posynomial random variable such that its MGF is given by (1) then
Proof: Check that the compatibility conditions allow us to use the Euler-type integral representation given in [12, p. 283, eq. 34] for the Lauricella functions in (8) .
From this last Corollary it is straightforward to obtain an asymptotic approximation for posynomial random variables.
Corollary 3:
Let γ be a posynomial random variable such that its MGF is given by (1). Then
for large values of p.
Proof: Substitute the integrand in (9) by its asymptotic approximation and use the basic properties of the beta function [15, p. 898-899].
As expected, from (10) it is inferred that the underlaying diversity order of Q γ (p) is
assuming γ is a posynomial random variable.
III. APPLICATIONS
The mathematical tools developed in previous section provide us a unified analytical framework for many existing results in literature; in addition, they systematically allow us to obtain new analytical results.
To calculate the average BEP, its asymptotic approximation and the outage probability we can follow four steps:
1) Check if the underlaying distribution is posynomial. In such case extract the characteristic coefficients.
2) Use the Theorem and Corollaries of previous section to obtain analytical expressions for the Gaussian Q-Transform, its asymptotic approximation and the outage probability. to simpler functions.
4) Use known formulas to express the average BEP in terms of the Gaussian Q-transform,
e.g. see [2] for QAM with Gray mapping.
Next, we provide some examples to illustrate how this approach allows us to derive both published and novel results. For brevity we will mainly focus on the first step described above.
Example 1: Nakagami-m fading. This a well-known example [1] [14] . From Table I , we can extract the characteristic parameters for the Nakagami-m distribution; specifically, a 1 = m/γ and b 1 = m. From (5) we obtain
Then, after considering [15, eq. 8.351-2], we derive the well-known formula
Applying (6) and considering [15, eq. 9.131-1] yields
where c(p) . = pγ/(2m). This expression is very similar to that given [1, eq. 5.A.2][14, eq. A.8], which was derived by a different approach. Interestingly, it has been checked numerically that both are equivalent; however, the author has not been able to find the transformation between Gauss hypergeometric functions 2 F 1 connecting (14) and [1, eq. 5.A.2].
Example 2: Maximal ratio combining (MRC) with independent but nonidentically distributed branches.
A formula for the Gaussian Q-transform over Hoyt fading channels is derived in [4] in terms of the Lauricella F (n)
D function. Now we show how to perform a unified analysis for MRC including Hoyt distributed branches. Let us consider receive MRC with L independent but nonidentical distributed branches. We assume that L 1 branches exhibit Nakagami-q (Hoyt) fading and the remainder of the L − L 1 branches are better modelled by the Nakagami-m fading model. The Nakagami-m fading model is used for both line-of-sight (LOS) and NLOS scenarios, while the Nakagami-q distribution is an alternative to model NLOS channels. We assume a general scenario where each branch has arbitrary parameters, i.e. {q j ,γ j }
j=1 for the first L 1 branches and
for the remainder of the branches. Analyzing such scenario is straightforward with the results derived in this work, after observing that the associated MGF is monomial
This scenario can be further generalized to consider large-scale time variations. Let us assume that the number of branches with Nakagami-q fading L 1 is also random. Then, if Pr[l] represents the probability of having l branches with Nakagami-q fading, the associated MGF is now posynomial
A system employing MRC with independent η-µ distributed branches has been recently analyzed in [5] . This system generalizes the Nakagami-q/Nakagami-m scenario described above and it requires to estimate the set of 3L parameters
. Since the Nakagami-q/Nakagami-m scenario requires 2L channel parameters, it is a reasonable alternative for certain applications.
Interestingly, if we apply Theorem 1 to the monomial MGF considered in [5, eq. 2], we can extend the performance analysis in [5] with a closed-form expression for the outage probability and an asymptotic approximation for the average BEP. (
where n t ,n r ,a,b and m are channel and system parameters defined in [16] . After rewriting the MGF given in [16, eq . 23], we clearly observe in (17) that it is a monomial MGF.
IV. CONCLUSIONS
A solid analytical framework for the computation of average Gaussian error probabilities has been derived in this paper. This quantity allows us to obtain the average BEP in a variety of wireless communications systems. It has been shown that if the MGF of the underlaying fading distribution has certain posynomial structure, the average Gaussian error probabilities and the outage probability can be expressed in terms of Lauricella functions. Finally, this analytical framework has been used to derive known and novel results in a simple and systematic way.
The existence of the Gaussian Q-transform is clear after taking into account that Q(
for every p > 0.
(i) Continuity follows form the fact that the kernel Q( √ pγ) is continuous and bounded in R + . (ii) After integrating by parts Q γ (p) we can write
The integral in (18) is recognized as a Laplace transform converging for ℜ[p] > 0. Thus, after applying the inverse Laplace transform to this equality, the desired result is obtained.
, we can write
for ℜ[s] > 0. Taking into account the first and second compatibility conditions given in (2) and identifying [13, p. 222, eq. 5] from (19), the expression (5) is obtained.
(ii) Introducing (5) in (18) yields
b i ; −a 1 t, . . . , −a n t dt.
Taking into account the first and second compatibility conditions given in (2) and identifying [12, p. 286, eq . 43] from (20), the expression (6) is obtained. ; 0 γ, 0 < q 1. [8], [1] Rician Shadowed , using the same notation as in [9] , [1] .
